Received: May 30, 2001, Accepted: July 26, 2001 Revised: July 19, 2001

HYPER VERSION

Deformation of BF theories, topological open membrane and a generalization of the star deformation

Noriaki Ikeda

Ritsumeikan University Kusatsu, Shiga 525-8577, Japan, and Setsunan University Neyagawa, Osaka 572-8508, Japan E-mail: ikeda@yukawa.kyoto-u.ac.jp

Abstract: We consider a deformation of the BF theory in any dimension by means of the antifield BRST formalism. Possible consistent interaction terms for the action and the gauge symmetries are analyzed and we find a new class of topological gauge theories. Deformations of the world volume BF theory are considered as possible deformations of the topological open membrane. Therefore if we consider these theories on open membranes, we obtain noncommutative structures of the boundaries of open membranes, and we propose a generalization of the path integral representation of the star deformation.

Keywords: Topological Field Theories, p-branes, Gauge Symmetry, BRST Symmetry.

Contents

1. Introduction 1

2. The superfield formalism for the Batalin-Vilkovisky action of the abelian BF theory 3

3. Deformation of BF theory 8

4. Examples in the lower dimensions 10

5. Quantum BV formalism 12 5.1 Quantum master equation 12 5.2 Gauge fixing 13 5.3 Observables and a generalization of the star product 14

6. Topological open membrane 16

7. Conclusion and discussion 17

A. Notation 18

1. Introduction

Kontsevich has given a general formula for the deformation quantization [1] of functions on the Poisson manifold in the paper [2]. Cattaneo and Felder [3] have obtained the path integral representation of that formula on the Poisson manifold as a perturbative expansion of a two-dimensional field theory on two-dimensional disk. The star product structure in the open string theory with non-zero background Neveu-Schwarz B-field appears essentially at the same mechanism [4].

The world sheet field theory in the paper [3] is called a nonlinear gauge theory or the Poisson sigma model in two-dimension [5, 6]. It is one of Schwarz type (or BF type) topological field theory [7] and has the gauge symmetry, which is a generalization of the usual nonabelian gauge symmetry.

Izawa [8] has recently analyzed the nonlinear gauge theory from the viewpoint of a deformation of the gauge symmetry [9]. He has found that two-dimensional nonlinear gauge theory is the unique consistent deformation of two-dimensional abelian

BF theory. The author has made the similar analysis in three dimension [10].^1 He has considered the abelian BF theory in three dimension and all their possible deformations which action has the ghost number zero, and has found the new topological gauge theory. In this paper, we make a similar analysis in any dimension. We consider the abelian BF theory and analyze all deformations by the antifield BRST formalism.

We consider the two-dimensional theory as a survey of our story. First we consider the following action of the abelian BF theory in two dimension:

S_0 = ∫ L_0 , L_0 = B_adϕ^a , (1.1)

where a, b, etc. are Lie algebra indices (or the target space indices). ϕ^a is a scalar field, B_a is a one-form gauge field. This theory has the following abelian gauge symmetry:

δ_0B_a = dϵ_a , δ_0ϕ^a = 0 . (1.2) Of course, the commutation relation on the scalar field ϕ is [ϕ^a, ϕ^b] = 0 and correlation functions of arbitrary functions of ϕ are simply products of one-point functions.

Here we find all the consistent interactions with the free action (1.2) up to field redefinition as a local field theory in two dimension with the aid of Barnich-Henneaux method in terms of the BRST cohomology based on the antifield (Batalin-Vilkovisky) formalism. We use the BRST formalism to deform the world sheet theory, in order to realize the “physical requirement”. In the papers [9], they have required locality, unitarity and gauge invariance of the deformed action and have given a method to analyze the BRST cohomology and obtained all deformations of the gauge theory.

The answer in two dimension is S = ∫ L , L = B_adϕ^a + 1 2 W^{ab}B_aB_b , (1.3)

under the assumption that the ghost number of the action is zero, where W^{ab}(ϕ) = −W^{ba}(ϕ) is an arbitrary function of ϕ^a [8]. The gauge symmetry is deformed to the nonlinear gauge symmetry:

δ_{NL}B_a = dϵ_a + ∂W^{bc} ∂ϕ^a B_bϵ_c , δ_{NL}ϕ^a = W^{ba}ϵ_b , (1.4)

where W^{ab}(ϕ) must satisfy the following identities: ∂W^{ab} ∂ϕ^d W^{cd} + ∂W^{bc} ∂ϕ^d W^{ad} + ∂W^{ca} ∂ϕ^d W^{bd} = 0 , (1.5)

in order for (1.4) to be a symmetry of the theory. This eq.(1.5) is just the Jacobi identity if the following commutation relation holds:

[ϕ^a, ϕ^b] = W^{ab}(ϕ) . (1.6)

The commutation relation on the left hand side is realized as the Poisson bracket of

1A deformation of the BF theories has analyzed in a special case by Dayi [11].

the coordinates ϕ^a and ϕ^b on the Poisson manifold [6]. If we consider the theory on the two-dimensional disk, the correlation functions at the boundary of the disk of arbitrary functions of ϕ are deformed to the star product F ∗G under the appropriate regularization and the appropriate boundary condition [3].

Recently, noncommutative geometry are widely used to analyze the string theory. If we consider the open string theory with the constant background NS B-field, the noncommutative geometry appears on the D-brane [4]. The generalization of the star product to the nonconstant B-field has been anlayzed in [12]. Some authors have analyzed generalizations of this theory to the higher dimension. Noncommutative geometry appears at the boundary of open 2-brane in M-theory [13, 14, 15]. In this paper, we propose one approach to analyze them. We consider that deformations of the world volume BF theory lead us to deformations of the boundaries of the topological open n−1-brane, where n−1 is the space dimension of the membrane. In fact, the star deformation formula is derived from the deformation of two-dimensional BF theory as the world sheet theory.

Deformations of the topological open string have been analyzed in [21]. Deformations of the topological open membrane in three dimension have been analyzed in [22, 23]. We will obtain a generalization of the path integral representation of the star deformation formula. However analysis of deformations of the BF theories are not still completed. In this paper, we analyze deformations of the BF theory.

This paper is organized as follows. In section 2, we construct the superfield antifield formalism of the abelian BF theory. In section 3, we analyze deformations of the abelian BF theory and obtain all possible deformations. In section 4, we consider two examples of our theory in the lower dimensions. In section 5, we consider the quantum BV formalism and quantize the theory. In section 6, we analyze the topological membrane action. Section 7 is conclusion and discussion.

2. The superfield formalism for the Batalin-Vilkovisky action of the abelian BF theory

First, we consider the following n-dimensional abelian BF theory:

S_0 =

[^{n−1}_2 ]∑

p=0 ∫ Σ (−1)^{n−p}B_{n−p−1 a}dA_p^a , (2.1) where A_p^a is a p-form gauge field and B_{n−p−1 a} is a n − p − 1 form auxiliary fields. Indices a, b, c, etc. represent algebra indices. Σ is a base manifold on which the theory is defined. The sign factors (−1)^{n−p} are introduced for convenience. This action has the following abelian gauge symmetry:

δ_0A_p^a = dc^{(p)a}_{p−1} , δ_0B_{n−p−1 a} = dt^{(n−p−1)}_{n−p−2 a} , (2.2) where c^{(p)a}_{p−1} is a p − 1-form gauge parameter and t^{(n−p−1)}_{n−p−2 a} is a n − p − 2-form gauge parameter. (p) in c^{(p)a}_{p−1} and (n − p − 1) in t^{(n−p−1)}_{n−p−2 a} represent that c^{(p)a}_{p−1} is a gauge parameter for p-form A_p^a and t^{(n−p−1)}_{n−p−2 a} is one for n−p−1-form B_{n−p−1 a}, respectively. This gauge symmetry is reducible. Since A_p^a is a p-form and B_{n−p−1 a} is a n − p − 1- form, we need the following towers of the ’ghost for ghosts’ to analyze the complete gauge degrees of freedom: δ_0A_p^a = dc^{(p)a}_{p−1} , δ_0B_{n−p−1 a} = dt^{(n−p−1)}_{n−p−2 a} , δ_0c^{(p)a}_{p−1} = dc^{(p)a}_{p−2}, δ_0t^{(n−p−1)}_{n−p−2 a} = dt^{(n−p−1)}_{n−p−3 a} , . . δ_0c^{(p)a}_1 = dc^{(p)a}_0 , δ_0t^{(n−p−1)}_{1 a} = dt^{(n−p−1)}_{0 a} ,

δ_0c^{(p)a}_0 = 0 , δ_0t^{(n−p−1)}_{0 a} = 0 , (2.3)

where c^{(p)a}_i are i-form gauge parameters and t^{(n−p−1)}_{j a} are j-form gauge parameters. i = 0, . . . , p − 1 and j = 0, . . . , n − p − 2. We write the theory by the antifield BRST formalism. First we take c^{(p)a}_i to be the FP ghosts i-form with ghost number p − i, and t^{(n−p−1)}_{j a} to be a j-form with the ghost number n − p − 1 − j. As usual, if the ghost number is odd, the fields are Grassmann odd, and if ghost number even, they are Grassmann even.

Next we introduce the antifields for all the fields. Let Φ^+ denote the antifields for the field Φ. Note that the relations deg(Φ) + deg(Φ^+) = n and gh(Φ) + gh(Φ^+) = −1 are required, where deg(Φ) and deg(Φ^+) are the form degrees of the fields Φ and Φ^+ and gh(Φ) and gh(Φ^+) are the ghost numbers of them. For A_p^a, we introduce the antifield A^{+(p)}_{n−p a}, which is n − p-form with the ghost number −1. For B_{n−p−1 a}, B^{+(n−p−1)a} p+1 , which is p + 1-form with the ghost number −1. For c^{(p)a}_i , c^{+(p)}_{n−i a}, which is n − i-form with the ghost number −p − 1 + i. For t^{(n−p−1)}_{j a} , t^{+(n−p−1)a}_{n−j} , which is n − j-form with the ghost number −n + p + j.

For functions F (Φ, Φ^+) and G(Φ, Φ^+) of the fields and the antifields, we define the antibracket as follows; (F, G) ≡ F ←− ∂ ∂Φ −→ ∂ G ∂Φ^+

− (−1)^{(n+1) deg Φ} F ←− ∂ ∂Φ^+ −→ ∂ G ∂Φ , (2.4)

where ←− ∂ /∂φ and −→ ∂ /∂φ are the right differentiation and the left differentiation with respect to φ, respectively. The following identity about left and right derivative is useful: −→ ∂ F ∂φ = (−1)^{(ghF −ghφ)ghφ+(deg F −deg φ) deg φ} F ←− ∂ ∂φ . (2.5)

If S, T are two functionals, the antibracket is defined as follows: (S, T ) ≡ ∫ Σ S ←− ∂ ∂Φ −→ ∂ T ∂Φ^+

− (−1)^{(n+1) deg Φ} S ←− ∂ ∂Φ^+ −→ ∂ T ∂Φ . (2.6)

The antibracket satisfies the following identities:

(F, G) = −(−1)^{(deg F −n)(deg G−n)+(ghF +1)(ghG+1)}(G, F ), (F, GH) = (F, G)H + (−1)^{(deg F −n) deg G+(ghF +1)ghG}G(F, H), (F G, H) = F (G, H) + (−1)^{deg G(deg H−n)+ghG(ghH+1)}(F, H)G, (2.7) 0 = (−1)^{(deg F −n)(deg H−n)+(ghF +1)(ghH+1)}(F, (G, H)) + cyclic permutations ,

where F, G and H are functions on fields and antifields.

In order to simplify notations and calculations, we rewrite notations by the superfield formalism. We combine the field, its antifield and their gauge descendant fields as superfield components. For A_p^a and B_{n−p−1 a}, we define corresponding superfields as follows:

A_p^a = c^{(p)a}_0 + c^{(p)a}_1 + · · · + c^{(p)a}_{p−1} + A_p^a + B^{+(n−p−1)a}_{p+1} + + t^{+(n−p−1)a} p+2 + · · · + t^{+(n−p−1)a} n , B_{n−p−1 a} = t^{(n−p−1)}_{0 a} + t^{(n−p−1)}_{1 a} + · · · + t^{(n−p−1)}_{n−p−2 a} + B_{n−p−1 a} + A^{+(p)}_{n−p a} + + c^{+(p)}_{n−p+1 a} + · · · + c^{+(p)}_{n a} . (2.8)

Then we define the total degree |F | ≡ ghF + deg F . The component fields in a superfield have the same total degree. The total degrees of A_p^a and B_{n−p−1 a} are p and n − p − 1, respectively.

We take a notation · as the dot product among superfields in order to simplify the sign factors [16]. The definitions and properties of the dot product are in the appendix. The dot antibracket of the superfields F and G is defined as

((F, G)) ≡ (−1)^{(ghF +1)(deg G−n)}(−1)^{ghΦ(deg Φ−n)+n}(F, G) , (2.9)

Then the following identities are obtained from the equations (2.7) and (2.9): ((F, G)) = −(−1)^{(|F |+1−n)(|G|+1−n)}((G, F )) , ((F, GH)) = ((F, G)) · H + (−1)^{(|F |+1−n)|G|}G · ((F, H)) , ((F G, H)) = F · ((G, H)) + (−1)^{|G|(|H|+1−n)}((F, H)) · G , 0 = (−1)^{(|F |+1−n)(|H|+1−n)}((F, ((G, H)))) + cyclic permutations . (2.10)

We define the dot differential as −→ ∂ ∂φ · F ≡ (−1)^{ghφ deg F} −→ ∂ F ∂φ , F · ←− ∂ ∂φ ≡ (−1)^{ghF deg φ} F ←− ∂ ∂φ . (2.11)

Then, from the equation (2.5), we can obtain the formula −→ ∂ ∂φ · F = (−1)^{(|F |−|φ|)|φ|}F · ←− ∂ ∂φ . (2.12)

Since A^a_p and B_{n−p−1 a} are the field-antifield pair, we can rewrite the BV antibracket on two superfields F and G from (2.4) and (2.9) as follows: ((F, G)) ≡ [^{n−1}_2 ]∑

p=0 F · ←− ∂ ∂A_p^a · −→ ∂ ∂B_{n−p−1 a} · G − (−1)^{np}F · ←− ∂ ∂B_{n−p−1 a} · −→ ∂ ∂A_p^a · G . (2.13)

We can construct the Batalin-Vilkovisky action for the abelian BF theory by the superfields as follows:

S_0 =

[^{n−1}_2 ]∑

p=0 ∫ Σ (−1)^{n−p}B_{n−p−1 a} · dA_p^a , (2.14)

where we integrate only n-form part of the integrand. If we set all the antifields zero, (2.14) reduces to (2.1). The BRST transformation for the superfield F under the action above is defined as

δ_0F = ((S_0, F )) =

[^{n−1}_2 ]∑

p=0 S_0 · ←− ∂ ∂A_p^a · −→ ∂ ∂B_{n−p−1 a} · F − (−1)^{np}S_0 · ←− ∂ ∂B_{n−p−1 a} · −→ ∂ ∂A_p^a · F, (2.15) Hence the BRST transformations on A_p^a and B_{n−p−1 a} are obtained as follows:

δ_0A_p^a = ((S_0, A_p^a)) = (−1)^{n−p} −→ ∂ ∂B_{n−p−1 a} · S_0 = dA_p^a ,

δ_0B_{n−p−1 a} = ((S_0, B_{n−p−1 a})) = (−1)^{p(n−p)} −→ ∂ ∂A_p^a · S_0 = dB_{n−p−1 a} . (2.16)

If we expand the BRST transformations (2.16) above to the components by (2.8), we can obtain the BRST transformation on each field and antifield as follows:

δ_0c^{(p)a}_0 = 0 , δ_0c^{(p)a}_1 = dc^{(p)a}_0 , . . δ_0c^{(p)a}_{p−1} = dc^{(p)a}_{p−2} , δ_0A_p^a = dc^{(p)a}_{p−1} , δ_0B^{+(n−p−1)a} p+1 = dA_p^a , δ_0t^{+(n−p−1)a} p+2 = dB^{+(n−p−1)a} p+1 , δ_0t^{+(n−p−1)a} p+3 = dt^{+(n−p−1)a} p+2 , . . δ_0t^{+(n−p−1)a} n = dt^{+(n−p−1)a} n−1 , δ_0t^{(n−p−1)} 0 a = 0 , δ_0t^{(n−p−1)} 1 a = dt^{(n−p−1)} 0 a , . . δ_0t^{(n−p−1)} n−p−2 a = dt (n−p−1) n−p−3 a , δ_0B_{n−p−1 a} = dt^{(n−p−1)}_{n−p−2 a} , δ_0A^{+(p)}_{n−p a} = dB_{n−p−1 a} , δ_0c^{+(p)}_{n−p+1 a} = dA^{+(p)}_{n−p a} , δ_0c^{+(p)}_{n−p+2 a} = dc^{+(p)}_{n−p+1 a} , . . δ_0c^{+(p)}_{n a} = dc^{+(p)}_{n−1 a} , (2.17)

which reproduce the gauge transformations (2.3).

S_0 must be BRST invariant. In fact,

δ_0S_0 = ((S_0, S_0)) = 2

[^{n−1}_2 ]∑

p=0 (−1)^{(n−p)} ∫ Σ d(B_{n−p−1 a} · dA_p^a)

= 2 [^{n−1}_2 ]∑

p=0 ∫ Σ d(dB_{n−p−1 a} · A_p^a) , (2.18)

therefore if the base manifold Σ has no boundary, δ_0S_0 = 0. If Σ has a boundary (For example, the open string or the open membrane.), we can take two kinds of boundary conditions A_p^a_{//}|_{∂Σ} = 0 or B_{n−p−1 a//}|_{∂Σ} = 0, where the notation // mean the components along the direction tangent to the boundary ∂Σ. We can also take the different boundary condition on each field component so as to satisfy BRST invariant condition of the action. Two boundary conditions are used to construct A, B and C boundary conditions in the paper [22]. In the rest of this paper, we select appropriate boundary conditions so as to satisfy δ_0S_0 = 0.

It is simple to confirm δ^2_0 = 0 on all superfields. Equations of motion are

dA_p^a = 0 , dB_{n−p−1 a} = 0 . (2.19)

3. Deformation of BF theory

Let us consider a deformation of the action S_0 perturbatively,

S = S_0 + gS_1 + g^2S_2 + · · · , (3.1)

where g is a deformation parameter, or a coupling constant of the theory. The total BRST transformation is deformed to

δA_p^a = ((S, A_p^a)) = (−1)^{n−p} −→ ∂ ∂B_{n−p−1 a} · S , (3.2) δB_{n−p−1 a} = ((S, B_{n−p−1 a})) = (−1)^{p(n−p)} −→ ∂ ∂A_p^a · S . (3.3)

In order for the deformed BRST transformation δ to be nilpotent and make the theory consistent, the total action S has to satisfy the following classical master equation:

((S, S)) = 0 . (3.4)

Substituting (3.1) to (3.4), we obtain

((S, S)) = ((S_0, S_0)) + 2g((S_0, S_1)) + g^2[((S_1, S_1)) + 2((S_0, S_2))] + O(g^3) = 0 . (3.5)

We solve this equation order by order. At the 0-th order, we obtain δ_0S_0 =((S_0, S_0))= 0, which is already satisfied from (2.18). At the first order of g in the eq. (3.5),

δ_0S_1 = ((S_0, S_1)) = 0 , (3.6)

is required. Now we assume that S_1 is given by a local lagrangian:

S_1 = ∫ Σ L_1 , (3.7)

where L_1 is constructed from the superfields A_p^a and B_{n−p−1 a} with p = 0, . . . , [^{n−1}_2 ]. If a monomial in L_1 includes a differentiation d, its term is proportional to the equations of motion (2.19). Therefore its term can be absorbed to the abelian BF theory action (2.14) by the local field redefinitions of A_p^a or B_{n−p−1 a}, and that term is BRST trivial at the BRST cohomology [9]. Hence the nontrivial deformation terms must not include the differentiation d and we can write the candidate L_1 as

S_1 = ∫ Σ L_1 ,

L_1 = ∑ p_1,...,p_k,q_1,...,q_l F_{p1···pk,q1···ql a1···ak}^{b1···bl} (A_0^a) · A_{p1}^{a1} · · · A_{pk}^{ak} · B_{q1b1} · · · B_{qlbl} , (3.8) where F_{p1···pk,q1···ql a1···ak}^{b1···bl} (A_0^a) is a function of A_0^a, and p_r ≠ 0, q_s ≠ 0 for r = 1, . . . , k, s = 1, . . . , l. In order to consider the general deformations, we do not require the total degree of L_1 is n. Then (3.6) is calculated as follows:

δ_0S_1 = ∑ p1,...,pk q1,...,ql ∫ Σ [ dF_{p1···pk,q1···ql a1···ak}^{b1···bl} (A_0^a) · A_{p1}^{a1} · · · A_{pk}^{ak} · B_{q1b1} · · · B_{qlbl} +

+ k∑ r=1 (−1)^{p1+···+pr−1} F_{p1···pk,q1···ql a1···ak}^{b1···bl} × × (A_0^a) · A^{a1}_{p1} · · · dA_{pr}^{ar} · · · A_{pk}^{ak} · B_{q1b1} · · · B_{qlbl} + + l∑ s=1 (−1)^{p1+···+pk+q1+···+qs−1} F_{p1···pk,q1···ql a1···ak}^{b1···bl} × × (A_0^a) · A_{p1}^{a1} · · · A_{pk}^{ak} · B_{q1b1} · · · dB_{qsbs} · · · B_{qlbl} ] (3.9) = ∑ p1,...,pk q1,...,ql ∫ Σ d [ F_{p1···pk,q1···ql a1···ak}^{b1···bl} (A_0^a) · A_{p1}^{a1} · · · A_{pk}^{ak} · B_{q1b1} · · · B_{qlbl} ] ,

and δ_0S_1 = 0 if ( F_{p1···pk,q1···ql a1···ak}^{b1···bl} (A_0^a) · A_{p1}^{a1} · · · A_{pk}^{ak} · B_{q1b1} · · · B_{qlbl} ) // | | |_{∂Σ} = 0 . (3.10)

S_1 must be constructed from the terms which satisfy the requirements above. If there is no boundary, there is no restriction for S_1. If we take the boundary condition A_p^a_{//}|_{∂Σ} = 0, then (3.10) is satisfied if the terms include at least one A_p^a. If we take B_{n−p−1 a//}|_{∂Σ} = 0, then (3.10) is satisfied if the terms include at least one B_{n−p−1 a}.

At the second order of g,

((S_1, S_1)) + 2((S_0, S_2)) = 0 , (3.11)

is required. We cannot construct nontrivial S_2 to satisfy (3.11) from the integration of a local lagrangian, because δ_0-BRST transforms of the local terms are always total derivative. Therefore if we assume locality of the action, S_2 is a BRST trivial and we can set S_i = 0 for i ≥ 2. Then the condition (3.11) reduces to

((S_1, S_1)) = 0 . (3.12)

This imposes the identities on the structure functions F_{p1···pkq1···ql a1···ak}^{b1···bl} (A_0^a) in (3.8). Now we have obtained the possible deformations of the BF theory in any dimension as S = S_0 + gS_1 , (3.13)

where S_0 is (2.14) and S_1 is defined as (3.8). In the next section, we consider two nontrivial examples. General algebra structure underline the antifield BRST formalism is the L_∞-algebra (the sh Lie algebra) [17, 18] which is derived from the analysis of the master equation. The gauge symmetry in our theory generally has extended structures of usual Lie algebra, and if a deformation satisfies the master equation (3.4), that is, (3.12), the symmetry of the deformed theory generally has L_∞-algebra structure.

The total BRST transformations δ for the superfields are as follows:

δA_p^a = (−1)^{n−p}((S, A_p^a))

= dA_p^a + (−1)^{n−p} −→ ∂ ∂B_{n−p−1 a} · S_1 , δB_{n−p−1 a} = (−1)^{p(n−p)}((S, B_{n−p−1 a})) = dB_{n−p−1 a} + (−1)^{p(n−p)} −→ ∂ ∂A_p^a · S_1 . (3.14)

Equations of motion are obtained as

dA_p^a + (−1)^{n−p} −→ ∂ ∂B_{n−p−1 a} · S_1 = 0 , dB_{n−p−1 a} + (−1)^{p(n−p)} −→ ∂ ∂A_p^a · S_1 = 0 , (3.15)

If we set all antifields Φ^+ = 0 in (3.1), we obtain the usual classical action.

4. Examples in the lower dimensions

In this section, we consider some nontrivial examples of the deformations in the lower dimensions. For simplicity, we only consider the action which total ghost number is zero.

In two dimension, (3.1) is written as

S = S_0 + gS_1 ,

S_0 = ∫ Σ B_{1a} · dϕ^a , S_1 = ∫ Σ 1 2 f^{ab}(ϕ^a) · B_{1a} · B_{1b} , (4.1)

where ϕ^a = A_0^a and^1_2 f^{ab}(ϕ^a) = F_{,11}(A_0^a). The condition (3.12) imposes the following identity on f^{ab}: ∂f^{ab} ∂ϕ^d f^{cd} + ∂f^{bc} ∂ϕ^d f^{ad} + ∂f^{ca} ∂ϕ^d f^{bd} = 0 . (4.2)

We find that this theory is nothing but two-dimensional nonlinear gauge theory (the Poisson sigma model) [5, 6]. We have deformed the abelian BF theory S_0 to S by the analysis of the BRST cohomology. If we relax the condition that the action has ghost number zero, we can generalize the theory to the polyvector fields, and we obtain L_∞-algebra by the deformation of the abelian BF theory.

Next, we consider the theory in three dimension. We restrict S_1 to the ghost number zero for simplicity again. Then the total action (3.1) is deformed as follows:

S = S_0 + gS_1 , S_0 = ∫ Σ [−B_{2a} · dϕ^a + B_{1a} · dA_1^a] ,

S_1 = ∫ Σ d^3θd^3x [ f^b_{1 a} (ϕ) · A_1^a · B_{2b} + f^{ab}_2 (ϕ) · B_{2a} · B_{1b} + 1 3! f_{3abc}(ϕ) · A_1^a · A_1^b · A_1^c + + 1 2 f_{4ab}^c(ϕ) · A_1^a · A_1^b · B_{1c} + 1 2 f_{5a}^{bc}(ϕ) · A_1^a · B_{1b} · B_{1c} + + 1 3! f_6^{abc}(ϕ) · B_{1a} · B_{1b} · B_{1c} ] , (4.3)

where we replace the notations as f_{1a}^b = F_{1,2a}^b, f^{ab}_2 = F_{,21}^{ab},^1_{3!} f_{3abc} = F_{111,abc}, 1 2 f_{4ab}^c = F_{11,1ab}^c,^1_2 f_{5a}^{bc} = F_{1,11a}^{bc},^1_{3!} f_6^{abc} = F_{,111}^{abc}, for clarity. The condition of the classical master equation (3.12) imposes the following identities on six f_i’s, i = 1, . . . , 6: f_{1e}^af_2^{be} + f_2^{ae}f_{1e}^b = 0 , (4.4) ∂f_{1c}^a ∂ϕ^e f_{1b}^e − ∂f_{1b}^a ∂ϕ^e f_{1c}^e + f_{1e}^af_{4bc}^e + f_2^{ae}f_{3ebc} = 0 , (4.5) −f_{1b}^e ∂f_2^{ac} ∂ϕ^e + f_2^{ec} ∂f_{1b}^a ∂ϕ^e + f_{1e}^af_{5b}^{ec} − f_2^{ae}f_{4eb}^c = 0 , (4.6) f_2^{eb} ∂f_2^{ac} ∂ϕ^e − f_2^{ec} ∂f_2^{ab} ∂ϕ^e + f_{1e}^af^{ebc}_6 + f_2^{ae}f_{5e}^{bc} = 0 , (4.7) f_{1[a}^e ∂f_{4bc]}^d ∂ϕ^e − f_2^{ed} ∂f_{3abc} ∂ϕ^e + f_{4e[a}^df_{4bc]}^e + f_{3e[ab}f_{5c]}^{de} = 0 , (4.8) f_{1[a}^e ∂f_{5b]}^{cd} ∂ϕ^e + f_2^{e[c} ∂f_{4ab}^{d]} ∂ϕ^e + f_{3eab}f_6^{ecd} + f_{4e[a}^{[d}f_{5b]}^{c]e} + f_{4ab}^ef_{5e}^{cd} = 0 , (4.9) f_{1a}^e ∂f_6^{bcd} ∂ϕ^e − f_2^{e[b} ∂f_{5a}^{cd]} ∂ϕ^e + f_{4ea}^{[b}f_6^{cd]e} + f_{5e}^{[bc}f_{5a}^{d]e} = 0 , (4.10) f_2^{e[a} ∂f_6^{bcd]} ∂ϕ^e + f_6^{e[ab}f_{5e}^{cd]} = 0 , (4.11) f_{1[a}^e ∂f_{3bcd]} ∂ϕ^e + f_{4[ab}^ef_{3cd]e} = 0 , (4.12)

where [· · ·] on the indices represents the antisymmetrization for the indices. For example, Φ_{[ab]} = Φ_{ab} − Φ_{ba}. We find that the action (4.3) with (4.4)–(4.12) is the same theory constructed in the paper [10], and a nontrivial consistent deformation of the three-dimensional BF theory. If Σ has boundaries, possible terms are restricted according to the boundary conditions, which are discussed in section 3.

5. Quantum BV formalism

5.1 Quantum master equation In this section, we consider the quantum theory. We introduce the Hodge dual fields of the antifields Φ^{∗a} = ∗Φ^{+a}. We define the BV laplacian as follows:

Δ_{BV}F ≡ ∑ a (−1)^{ghΦa} δ δΦ_a δ δΦ^{∗a} F, (5.1)

where δ/δΦ_a and δ/δΦ^{∗a} are differentiations with respect to coefficient functions of the forms. Then the following identity is satisfied:

Δ_{BV}(F G) = (Δ_{BV}F )G + (−1)^{ghF +n deg F} dv(F, G) + (−1)^{ghF} F Δ_{BV}G , (5.2) where dv is the volume form on Σ.

In order for the generating functional to be gauge invariant, The following quantum master equation is required:

(S, S) − 2ih̄Δ_{BV}S = 0 , (5.3) for the quantum action S. O is an observable if an operator O satisfies the following equation:

(S, O) − ih̄Δ_{BV}O = 0 . (5.4) If we define an operator Ω_{BV} as Ω_{BV} ≡ S − ih̄Δ_{BV}, then (5.4) is denoted as Ω_{BV}O = 0. In our BF theory, we can confirm Δ_{BV}S = 0, therefore the quantum master equation (5.3) becomes (S, S) = 0 . (5.5) Let us rewrite the above formulae on the superfields. We define the dot BV laplacian on the superfield as follows:

ΔF ≡ (−1)^{deg F −n}Δ_{BV}F , (5.6) Then identity (5.2) is rewritten as

Δ(F · G) = (ΔF ) · G + (−1)^{(n+1)|F |}dv((F, G)) + (−1)^{|F |}F · ΔG , (5.7) The quantum master equation (5.3) is rewritten as ((S, S)) − 2ih̄ΔS = 0 , (5.8) and the observable condition (5.4) of an operator O becomes ((S, O)) − ih̄ΔO = 0 . (5.9) We define that Ω_{BV} = δ−ih̄Δ, then (5.9) is written as Ω_{BV}O = 0. Eq. (5.5) becomes that ((S, S)) = 0.

5.2 Gauge fixing

In order to quantize the gauge theory, we must fix the gauge. We introduce the new fields; Fadeev-Popov antighosts and Lagrange multiplier fields (Nakanishi-Lautrup fields). Since A_p^a has the p-th order reducible gauge transformation, the following many antighosts and NL-fields are needed [19, 20]. We introduce antighost and NLfield pairs, c̄^{k(p)}_{p−1−L a} and b̄^{k(p)}_{p−1−L a} where k = 0, 2, . . . , 2 [_L 2 ] , and c^{k(p)a}_{p−1−L} and b^{k(p)a}_{p−1−L} where k = 1, 3, . . . , 2 [_{L−1} 2 ] + 1 at the L-th reducible order, where L = 0, 1, . . . , p − 1.

The four kinds of fields are all p − 1 − L-forms. c̄^{k(p)}_{p−1−L a} has the ghost number k − L − 1, b̄^{k(p)}_{p−1−L a} has the ghost number k − L, c^{k(p)a}_{p−1−L} has the ghost number L − k, and b^{k(p)a}_{p−1−L} has the ghost number L − k + 1. Moreover we introduce the antifields for the fields above as c̄^{+k(p)a}_{n−p+1+L} and b̄^{+k(p)a}_{n−p+1+L}, where k = 0, 2, . . . , 2 [_L 2 ] , c^{+k(p)}_{n−p+1+L a} and b^{+k(p)}_{n−p+1+L a}, where k = 1, 3, . . . , 2 [_{L−1} 2 ] + 1. The form degrees and the ghost numbers of the antifields are determined from the relations deg(Φ) + deg(Φ^+) = n and gh(Φ) + gh(Φ^+) = −1.

For B_{n−p−1 a}, we also introduce antighost and NL-field pairs as t̄^{k(n−p−1)a}_{n−p−2−L} and s̄^{k(n−p−1)a} n−p−2−L , where k = 0, 2, . . . , 2 [_L 2 ] , and t^{k(n−p−1)} n−p−2−L a and s k(n−p−1) n−p−2−L a, where k = 1, 3, . . . , 2 [_{L−1} 2 ] + 1 at the L-th reducible order, where L = 0, 1, . . . , n − p − 2. The four kinds of fields are all n − p − 2 − L-forms. t̄^{k(n−p−1)a}_{n−p−2−L} has the ghost number k − L − 1, s̄^{k(n−p−1)a} n−p−2−L has the ghost number k − L, t k(n−p−1) n−p−2−L a has the ghost number L−k, and s^{k(n−p−1)} n−p−2−L a has the ghost number L−k +1, We introduce the antifields for

the fields above, t̄^{+k(n−p−1)}

p+2+L a and s +k(n−p−1)a p+2+L a , where k = 0, 2, . . . , 2 [_L 2 ] , and t^{+k(n−p−1)a} p+2+L and s̄^{+k(n−p−1)a} p+2+L , where k = 1, 3, . . . , 2 [_{L−1} 2 ] + 1.

We define the extended BV action including the antighosts and NL-fields as S + Saux, where

Saux = (−1)^n

∫ [^{n−1}_2 ]∑ p=1 (_{p−1} ∑ k=0 k even p−1∑ L=k (−1)^{|c̄k(p)p−1−L a|}c̄^{+k(p)a}_{n−p+1+L}b̄^{k(p)}_{p−1−L a} +

+ p−1∑ k=1 k odd p−1∑ L=k (−1)^{|ck(p)ap−1−L|}c^{+k(p)}_{n−p+1+L a}b^{k(p)a}_{p−1−L} ) +

+(−1)^n

∫^{[ n−1}_2^]∑ p=0 (n−p−2∑ k=0 k even

n−p−2 ∑ L=k (−1)^{|t̄k(n−p−1)a} n−p−2−L |t̄+k(n−p−1) p+2+L a s̄ k(n−p−1)a n−p−2−L +

+ n−p−2 ∑ k=0 k odd

n−p−2 ∑ L=k (−1)^{|tk(n−p−1)} n−p−2−L a|t+k(n−p−1)a p+2+L s k(n−p−1) n−p−2−L a ) . (5.10)

Then the BRST transformations of the fields are calculated from the antibrackets as follows: δc̄^{k(p)}_{p−1−L a} = b̄^{k(p)}_{p−1−L a} , δb̄^{k(p)}_{p−1−L a} = 0 , δc^{k(p)a}_{p−1−L} = b^{k(p)a}_{p−1−L} , δb^{k(p)a}_{p−1−L} = 0 , δt̄^{k(n−p−1)a} n−p−2−L = s̄ k(n−p−1)a n−p−2−L , δs̄ k(n−p−1)a n−p−2−L = 0 , δt^{k(n−p−1)} n−p−2−L a = s k(n−p−1)a n−p−2−L a , δs k(n−p−1) n−p−2−L a = 0 . (5.11) We take the boundary condition as a constant at the boundary for antighosts, and as zero at the boundary for NL-fields. Now we fix the gauge as follows:

SGF = S + Saux|_{Φ+=} −→_{∂ Ψ∂Φ} , (5.12)

where Ψ is a gauge fixing fermion which is a function of the fields Φ with ghost number −1. For example, if we take the Landau gauge, the gauge fixing fermion is

Ψ = [^{n−1}_2 ]∑

p=1 ∫ c̄^{(p)}_{p−1 a}d ∗ A_p^a + p−1∑ L=1 L∑ k=0 k even c̄^{k(p)}_{p−1−L a}d ∗ c^{k−1(p)a}_{p−L} + p−1∑ L=1 L∑ k=1 k odd d ∗ c̄^{k−1(p)}_{p−L a} c^{k(p)a}_{p−1−L} +

+ t̄^{(n−p−1)a} n−p−2 d ∗ Bn−p−1 a + n−p−2 ∑ L=1 L∑ k=0 k even t̄^{k(n−p−1)a} n−p−2−L d ∗ t k−1(n−p−1) n−p−1−L a +

+ n−p−2 ∑ L=1 L∑ k=1 k odd d ∗ t̄^{k−1(n−p−1)a} n−p−1−L t k(n−p−1) n−p−2−L a , (5.13) where ∗ is the Hodge star operator.

5.3 Observables and a generalization of the star product

According to the discussion of the section 3, we can take two kind of boundary conditions (i) A_p^a_{//}|_{∂Σ} = 0 and (ii) B_{n−p−1 a//}|_{∂Σ} = 0 consistently. We analyze the total BRST transformations (3.14) of the fields under each boundary condition. If we take (i), the terms include at least one A_p^a. The total BRST transformation of A_p^a at the boundary is as follows:

δA_p^a_{//}|_{∂Σ} = dA_p^a_{//}|_{∂Σ} . (5.14)

On the other hand, if S_1 has no terms which include only one A_p^a, δB_{n−p−1 a} becomes a total derivative: δB_{n−p−1 a//}|_{∂Σ} = dB_{n−p−1 a//}|_{∂Σ} , (5.15) If we take (ii), the terms include at least one B_{n−p−1 a}. Then if S_1 has no terms which include only one B_{n−p−1 a}, the total BRST transformation of A_p^a at the boundary becomes δA_p^a_{//}|_{∂Σ} = dA_p^a_{//}|_{∂Σ} . (5.16)

On the other hand, one of B_{n−p−1 a} becomes a total derivative: δB_{n−p−1 a//}|_{∂Σ} = dB_{n−p−1 a//}|_{∂Σ} . (5.17) Now we assume that S_1 is constructed from terms to satisfy the condition above.

Then we define O_{F,p1,...,pk,q1,...,ql//} ≡ ∑ p1,...,pk q1,...,ql (F_{p1···pk,q1···ql} (A_0^a) · A_{p1}^{a1} · · · A_{pk}^{ak} · B_{q1b1} · · · B_{qlbl} )_{//} |_{∂Σ} . (5.18) We can confirm that ΔO_{F,p1,...,pk,q1,...,ql//} = 0 , δO_{F,p1,...,pk,q1,...,ql//} = (( S, O_{F,p1,...,pk,q1,...,ql//} )) = dO_{F,p1,...,pk,q1,...,ql//} . (5.19) Especially ΔO^{(0)}_{F,p1,...,pk,q1,...,ql//} = 0 , δO^{(0)}_{F,p1,...,pk,q1,...,ql//} = 0 , (5.20) where O^{(0)} is the 0-form part of O. Therefore O^{(0)}_{F,p1,...,pk,q1,...,ql} is a local observable with ghost number |O| = p_1 + · · · + p_k + q_1 + · · · + q_l. We can also construct Wilsonloop-like observables on the boundary manifold ∂Σ. ∫ Σ_r O_{F,p1,...,pk,q1,...,ql//} , (5.21) where Σ_r ⊂ ∂Σ is a r-dimensional closed subspace of ∂Σ and 0 ≤ r ≤ |O|. Actually Ω_{BV} ∫ Σ_r OF,p1,...,pk,q1,...,ql// = 0 because of the equation (5.19). We consider simple cases. ∫ Σ_r Ap a // is an observable from (5.21). If we take (i), it is trivial. If we take (ii), it is an observable with ghost number p−r. ∫ Σ_r Bn−p−1 a// is also an observable from (5.21). If we take (i), it is an observable with ghost number n − p − 1 − r. On the other hand, if we take (ii), it is trivial. We consider an another example:

O_F ≡ F (A_0^a)|_{∂Σ} . (5.22)

0-form part O^{(0)}_F of O_F is an local observable at the boundary with ghost number zero.

The generating functional is defined as

Z[O_k] =

∫ [^{n−1}_2 ]∏ p=0 DA_pDB_{n−p−1} e^{īh (S+} ∑ r J_rO_r ) , (5.23)

where J_k are source fields and O_k are observables. In two dimension, the correlation function of two local observables O^{(0)}_f and O^{(0)}_g leads the star product formula: f ∗ g(x) = ∫ ϕ(∞)=x DϕDB_1 O^{(0)}_f (ϕ(1))O^{(0)}_g (ϕ(0))e^{īh S} , (5.24) where ϕ = A_0^a and 0, 1, ∞ are three distinct points at the boundary ∂Σ. We can propose a generalization of the star product to higher dimensions as follows:

m_k[O_1, O_2, · · · , O_k] =

∫^{[ n−1}_2^]∏ p=0 DA_pDB_{n−p−1}O_1O_2 · · · O_ke^{īh S} , (5.25)

under the appropriate regularization and the boundary conditions, where S is the deformation (3.13) of the n-dimensional world volume BF theory and O_r’s are observables at the boudanry. The correlation functions satisfy the Ward-Takahashi identity derived from the gauge symmetry:

∫ [^{n−1}_2 ]∏ p=0 DA_pDB_{n−p−1} Δ ( Oe^{īh S} ) = 0 , (5.26)

where O is an observable. The WT identity leads L_∞ structure on the correlation functions. Therefore the product (5.25) has the L_∞ structure. In two dimension, L_∞- algebra structure on the star deformation is certainly derived from the L_∞-algebra structure of the BRST algebra [3]. We can generalize the structure to higher dimension as the WT identity on correlation functions of the higher dimensional BF theory.

6. Topological open membrane

We consider the theory on the n − 1-space-dimensional open membrane in N-dimen-sional target space. The open 2-brane theory with the background 3-form is analyzed at the paper [13, 14, 15].

First, we consider the topological membrane theory action with a background n-form field C as follows: S = ∫ Σ C_{a1···an} (ϕ)dϕ^{a1} · · · dϕ^{an} , (6.1) there C_{a1···an} is a completely antisymmetric n-form. We rewrite the action (6.1) by first order formalism as follows: S = ∫ Σ B_{n−1 a}dϕ^a + B_{n−1 a}A_1^a + C_{a1···an} A_1^{a1} · · · A_1^{an} , (6.2)

where A_1^a and B_{n−1 a} are auxiliary 1-form fields and n − 1-form fields.

In two dimension, the action (6.2) is written as S = ∫ Σ B_{1 a}dϕ^a + B_{1 a}A_1^a + C_{ab}A_1^aA_1^b , = ∫ Σ B_{1 a}dϕ^a − 1 4 (C^{−1})^{ab}B_{1 a}B_{1 b} + + C_{ab} ( A_1^a − 1 2 (C^{−1})^{ac}B_{1 c} ) ( A_1^b − 1 2 (C^{−1})^{bd}B_{1 d} ) . (6.3)

If we set A_1^{a′} = A_1^a −^1_2 (C^{−1})^{ac}B_c and integrate out A_1^{a′}, we obtain the action of the nonlinear gauge theory in two dimension (1.3).

In higher dimensions than two, we can obtain (6.2) from our deformed action (3.13) by the following procedure. If we take the limit B_{n−p−1 a} −→ 0 for p ≠ 0 , A_p^a −→ 0 for p ≥ 2 , (6.4)

we obtain (6.2), where ϕ^a = A^a_0 and F_{1,n−1 a}^b = −δ_a^b , F_{1···1 , a1···an} = (−1)^nC_{a1···an} (ϕ) . (6.5) The topological open membrane is derived as the above scaling limit of the deformed BF theory.

7. Conclusion and discussion

We have considered all possible deformations of the BF theory in any dimension by the antifield BRST formalism. We have analyzed the BRST cohomology of the BF theory. It has led us to a new gauge symmetry and a deformed action. We have considered quantum BV formalism and quantize the theory. We have taken the gauge fixing and found observables.

This gauge symmetry gives an extension to higher dimension of the nonlinear gauge symmetry [5, 6] in two dimension, [10] in three dimension. We have considered our theory as higher dimensional generalization of the two-dimensional nonlinear gauge theory, or the Poisson sigma model. It will be useful to analyze topological open membrane or noncommutative structure on higher dimensional open membrane. In fact, we have considered that our action tend to the topological n−1-brane action at a certain coupling zero limit.

Our key structure is L_∞-algebra. Generally, the gauge algebra can be consistently deformed to the L_∞-algebra (the strongly homotopy Lie algebra) in the antifield BRST formalism [17, 18]. On the other hand, L_∞-algebra is the underline algebra in the deformation quantization or formality conjecture [2]. L_∞-algebra structure on the star deformation is certainly derived from the L_∞-algebra structure of the BRST algebra at the path integral representation of the deformation quantization [3]. Our extension has respected the similar L_∞-algebra structure.

We can conjecture that if we consider the deformation (3.13) of the BF theory on the open membrane, the operator product expansions of the correlation function at the boundary are deformed and (5.25) is a deformation of n-algebra [24]. The explicit calculations of the correlation functions are needed on the quantum theory.

In the Schwarz type topological field theory, such as the BF theory, observables are related to miscellaneous topological invariants and knot invariants [7, 25, 26]. In our theory, geometrical meanings of correlation functions of observables are not still understood. More generally, whether deformation of correlation functions of a gauge theory is related to deformation of a mathematical structure or not is not still known.

Topological field theories called A model and B model are introduced to investigate the mirror symmetry [27] Different reduction of the topological open membrane theory leads us to the A model and B model [22]. Our theory may be useful to analyze the mirror symmetry.

Acknowledgments

The author thank T. Asakawa for discussions and comments about the present work.

A. Notation

For a superfield F (Φ, Φ^+) and G(Φ, Φ^+), The following identities are satisfied:

F G = (−1)^{ghF ghG+deg F deg G}GF , d(F G) = dF G + (−1)^{deg F} F dG , (A.1)

at the usual products. The graded commutator of two superfields satisfies the following identities:

[F, G] = −(−1)^{ghF ghG+deg F deg G}[G, F ], [F, [G, H]] = [[F, G], H] + (−1)^{ghF ghG+deg F deg G}[G, [F, H]] . (A.2)

We introduce the total degree of a superfield F as |F | = ghF + deg F . We define the dot product on superfields as

F · G ≡ (−1)^{ghF deg G}F G , (A.3)

and the dot Lie bracket

[[F , G]] ≡ (−1)^{ghF deg G}[F, G] . (A.4)

We obtain the following identities of the dot product and the dot Lie bracket from (A.1), (A.2), (A.3) and (A.4): F · G = (−1)^{|F ||G|}G · F , [[F , G]] = −(−1)^{|F ||G|}[[G , F ]] , [[F , [[G , H]]]] = [[[[F , G]] , H]] + (−1)^{|F ||G|}[[G , [[F , H]]]] , (A.5) and d(F · G) ≡ dF · G + (−1)^{|F |}F · dG . (A.6)

References

[1] F. Bayen, M. Flato, C. Fronsdal, A. Lichnerowicz and D. Sternheimer, Deformation theory and quantization, 1. Deformations of symplectic structures, Ann. Phys. (NY) 111 (1978) 61.

[2] M. Kontsevich, Deformation quantization of Poisson manifolds, 1, q-alg/9709040.

[3] A. S. Cattaneo and G. Felder, A path integral approach to the Kontsevich quantization formula, math.QA/9902090.

[4] N. Seiberg and E. Witten, String theory and noncommutative geometry, J. High Energy Phys. 09 (1999) 032 [hep-th/9908142].

[5] N. Ikeda and K.-I. Izawa, Gauge theory based on quadratic Lie algebras and 2-d gravity with dynamical torsion, Prog. Theor. Phys. 89 (1993) 1077; General form of dilaton gravity and nonlinear gauge theory, Prog. Theor. Phys. 90 (1993) 237 [hep-th/9304012];

For review, N. Ikeda, Two-dimensional gravity and nonlinear gauge theory, Ann. Phys. (NY) 235 (1994) 435 [hep-th/9312059].

[6] P. Schaller and T. Strobl, Poisson structure induced (topological) field theories, Mod.

Phys. Lett. A 9 (1994) 3129 [hep-th/9405110];

See also P. Schaller and T. Strobl, Poisson sigma models: a generalization of 2-d gravity Yang-Mills systems, hep-th/9411163;

A.Y. Alekseev, P. Schaller and T. Strobl, The topological G/G WZW model in the generalized momentum representation, Phys. Rev. D 52 (1995) 7146 [hep-th/9505012]; P. Schaller and T. Strobl, Iintroduction to Poisson sigma-models, hep-th/9507020.

[7] For a review, D. Birmingham, M. Blau, M. Rakowski and G. Thompson, Topological field theory, Phys. Rep. 209 (1991) 129.

[8] K.I. Izawa, On nonlinear gauge theory from a deformation theory perspective, Prog.

Theor. Phys. 103 (2000) 225 [hep-th/9910133].

[9] G. Barnich and M. Henneaux, Consistent couplings between fields with a gauge freedom and deformations of the master equation, Phys. Lett. B 311 (1993) 123 [hep-th/9304057];

G. Barnich, F. Brandt and M. Henneaux, Local BRST cohomology in the antifield formalism, 1. General theorems, Comm. Math. Phys. 174 (1995) 57 [hep-th/9405109]; For a review, M. Henneaux, hep-th/9712226.

[10] N. Ikeda, A deformation of three dimensional BF theory, J. High Energy Phys. 11 (2000) 009 [hep-th/0010096].

[11] Ö.F. Dayi, Consistent interactions in terms of the generalized fields method, Int. J.

Mod. Phys. A 12 (1997) 4387 [hep-th/9604167].

[12] L. Cornalba and R. Schiappa, Nonassociative star product deformations for D-brane worldvolumes in curved backgrounds, hep-th/0101219.

[13] E. Bergshoeff, D.S. Berman, J P. van der Schaar and P. Sundell, A noncommutative M-theory five-brane, Nucl. Phys. B 590 (2000) 173 [hep-th/0005026].

[14] S. Kawamoto and N. Sasakura, Open membranes in a constant C-field background and noncommutative boundary strings, J. High Energy Phys. 07 (2000) 014 [hep-th/0005123].

[15] A. Das, J. Maharana and A. Melikian, Open membranes, p-branes and noncommutativity of boundary string coordinates, J. High Energy Phys. 04 (2001) 016 [hep-th/0103229].

[16] A.S. Cattaneo, P. Cotta-Ramusino and C.A. Rossi, Loop observables for BF theories in any dimension and the cohomology of knots, Lett. Math. Phys. 51 (2000) 301 [math.QA/0003073];

A.S. Cattaneo and C.A. Rossi, Higher-dimensional BF theories in the Batalin- Vilkovisky formalism: the BV action and generalized Wilson loops, math.QA/0010172.

[17] T. Lada and J. Stasheff, Introduction to sh Lie algebras for physicists, Int. J. Theor.

Phys. 32 (1993) 1087 [hep-th/9209099].

[18] J. Stasheff, Deformation theory and the Batalin-Vilkovisky master equation,

q-alg/9702012.

[19] I.A. Batalin and G.A. Vilkovisky, Quantization of gauge theories with linearly dependent generators, Phys. Rev. D 28 (1983) 2567, erratum ibid. D 30 (1983) 2567.

[20] J. Gomis, J. Paris and S. Samuel, Antibracket, antifields and gauge theory quantization, Phys. Rep. 259 (1995) 1 [hep-th/9412228].

[21] C. Hofman and W.-K. Ma, Deformations of topological open strings, J. High Energy Phys. 01 (2001) 035 [hep-th/0006120].

[22] J.-S. Park, Topological open p-branes, hep-th/0012141.

[23] C.M. Hofman and W.K. Ma, Deformations of closed strings and topological open membranes, J. High Energy Phys. 06 (2001) 033 [hep-th/0102201].

[24] M. Kontsevich, Operads and motives in deformation quantization, Lett. Math. Phys.

48 (1999) 35 [math.QA/9904055].

[25] A.S. Cattaneo, P. Cotta-Ramusino and M. Martellini, Three-dimensional BF theories and the Alexander-Conway invariant of knots, Nucl. Phys. B 436 (1995) 355 [hep-th/9407070].

[26] A.S. Cattaneo, P. Cotta-Ramusino, J. Fröhlich and M. Martellini, Topological BF theories in three-dimensions and four-dimensions, J. Math. Phys. 36 (1995) 6137 [hep-th/9505027].

[27] E. Witten, Mirror manifolds and topological field theory, hep-th/9112056; Chern- Simons gauge theory as a string theory, hep-th/9207094.